IAMG Distinguished Lecturer — 2007

Prof. Dr. Vera Pawlowsky-Glahn

M Department of Computer Science and Applied Mathematics
s University of Girona, Spain

=



The Aitchison geometry of the simplex
and the statistical analysis
of compositional data

Prof. Dr. Vera Pawlowsky-Glahn

Department of Computer Science and Applied Mathematics
University of Girona, Spain

Facultad de Ciencias — Departamento de Matematicas
Universidad de los Andes
Bogota, Colombia, March 15, 2007



introduction
90000

what are compositional data?

@ definition: parts of some whole which only carry
relative information

@ usual units of measurement: parts per unit, percentages,
ppm, ppb, concentrations, ... (constant sum constraint)

@ examples: geochemical analysis; (sand, silt, clay)
composition; proportions of minerals in a rock; ...
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historical remarks: end of the XIXth century

Karl Pearson, 1897: “On a form of spurious correlation
which may arise when indices are used in the
measurement of organs”

@ he was the first to point out dangers that may befall the
analyst who attempts to interpret correlations between
ratios whose numerators and denominators contain
common parts

@ the closure problem was stated within the framework of
classical statistics, and thus within the framework of
Euclidean geometry in real space
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the problem: negative bias & spurious correlation

example: scientists A and B record the composition of aliquots of soil
samples; A records (animal, vegetable, mineral, water) compositions,
B records (animal, vegetable, mineral) after drying the sample; both are

absolutely accurate (adapted from Aitchison, 2005)
sample A | X1 X2 X3 X sample B | X X} X4
1 0.1 02 01 06 1 0.25 050 0.25
2 02 01 02 0.5 2 0.40 0.20 0.40
3 03 03 01 03 3 0.43 043 0.14
corr A ‘ X1 Xo X3 Xa corr B ‘ X! v X!
Xi 1.00 0.50 0.00 -0.98 | ! 2 3
Xq 1.00 -0.57 -0.05
X2 1.00 -0.87 -0.65 )
X 1.00 0.19 X5 1.00 -0.79
3 : : Xé 1.00

X4 1.00
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historical remarks: from 1897 to 1980 (and beyond)

@ the fact that correlations between closed data are induced
by numerical constraints caused Felix Chayes to attempt
to separate the spurious part from the real correlation

(“On correlation between variables of constant sum”, 1960)

@ many studied the effects of closure on methods related to
correlation and covariance analysis (principal component
analysis, partial and canonical correlation analysis) or
distances (cluster analysis)

@ an exhaustive search was initiated within the framework
of classical (applied) statistics
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historical remarks: end of the XXth century

John Aitchison, 1982, 1986: “The statistical analysis of
compositional data”

@ key idea: compositional data represent parts of some
whole; they only carry relative information

@ by analogy with the log-normal approach, Aitchison
projected the sample space of compositional data,
the D-part simplex SP, to real space RP~' or RP,
using log-ratio transformations

@ the log-ratio approach was born ...
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compositional data are equivalence classes

compositional data in R? compositional data in R3

usual representation: the simplex
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compositional data and their sample space

@ parts of some whole which only carry relative
information

@ sample space: the simplex (for x a constant)

D
X,'>0,ZX,':I<L}
i=1

Xy

SP = {x:[x1,...,xD]eRD

@ standard representation
for D = 3: ternary diagram
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Euclidean space structure of S°

for X,y € SP, o € R, and C the closure operation,
@ perturbation: x &y = C[x1y1,...,Xpyp|
@ powering: o © X = C[x{, ..., X3]
@ Aitchison inner product, norm and distance:

XI YI 2

i<j i<j
d2(x (In 2 n >
=5 ; 7

@ dimension: (D — 1)
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advantages of Euclidean spaces

@ orthonormal basis can be constructed: {e1,...,ep_1}
@ coordinates obey the rules of real Euclidean space:
xeSP=y=1[y,....,¥p_1] € RP=1 with y; = (x, )4
@ standard methods can be directly applied to coordinates
@ expressing results as compositions is easy:
if h: SP — RP-1 assigns to each x e SP its coordinates,
i.e. h(x) =y, then

D—1
hly)=x=EPrice
i=1
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understanding the Aitchison geometry:
perturbation (shifting)

in S8 coordinate representation
A pXeXe 1 n X
(\/éln X3-X3’ \/ém Xz)
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understanding the Aitchison geometry:
powering (exponential decay or growth)

in S8 coordinate representation

Xq1-Xo 1

In In Xt
X3:X37 /2 Xz)

1
(7
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understanding the Aitchison geometry:
parallel lines (different origins)

x2 x3 4

in S8 coordinate representation

X{ X 1 I X1
ZnZ)
X2

(Lm ,
V6 X3 X3’ V2

V. Pawlowsky-Glahn
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understanding the Aitchison geometry:
circles and ellipses (normal densities)

R\Z

2

in S8 coordinate representation
Xi-Xp 1 X1 ) v. ravionsky-ctann

iy
—1In
(\/é X3:X37 /2 X2
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orthonormal basis: example of construction

define a sequential binary partition and compute the
coefficients for each sample; e.g. for X = [x1, X2, X3, X3, X5] € S°

order | xq Xo X3 X4 X coefficient

/2
[ I R e e |n%

2 0 +1 0 —1 0 |yp= %Inyi
3 |41 0 -1 0 —1]|y= Hglni(xsxs)w

4 10 0 +1 0 1|y=,/iink

these type of coordinates are called balances
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orthonormal basis: visualisation

@ compute summary statistics of each balance
@ plot the summary statistics in a dendrogram-type graph

Xo

X4
X1
X3
X5

boxplots: (po.05, Q1, Qz, Q3, Po.g5) of empirical distributions;
boxplot scale: (-2, 2); horizontal bars = variance R
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the treatment of zeros

case 1: the part with zeros is not important for the study
= the part should be omitted

case 2: the part is important, the zeros are essential
= divide the sample into two or more populations,
according to the presence/absence of zeros

case 3: the part is important, the zeros are rounded zeros
= use imputation techniques
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the principle of working on coordinates

@ select a convenient orthonormal basis
@ perform any statistical analysis on the coordinates
@ interpret test results directly

@ interpret coordinates if results are meaningful in
coordinates, e.g. geochemical processes

@ obtain results in SP using the inverse if you prefer to
interpret compositions
the principle of working on coordinates in S” is equivalent
to use the Aitchison geometry and the Aitchison measure

(Aitchison measure = Lebesgue measure on coordinates)
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example

@ granitoid rocks of a progressive chemical weathering
profile developed on the Toorongo granodiorite in South
Australia (Nesbitt and Markovics, 1977)

o 15 samples and 12 major elements
e sample space: S'?
@ data used to model compositional change
by von Eynatten, Barcel6-Vidal, and Pawlowsky-Glahn
(20083, Math. Geol. 35(3))
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sequential binary partition

order | SiOp  TiOp  AlpO3  FepO3 FeO MmO MgO  CaO  NayO  KyO  P,05  H0
i 1 1 1 1 1 1 7 1 7 1 1 A
2 -1 -1 -1 1+ -1 -1 -1 -1 -1 -1 0
3 0 0 0 +1 0 0 0 0 0 0 0
4 -1 —1 -1 0 0 —1 -1 +1 +1 —1 —1 0
5 0 0 0 0 0 0 0o +1 —1 0 0 0
6 -1 —1 +1 0 0 —1 —1 0 0 -1 -1 0
7 —1 —1 0 0 0 -1 -1 0 0 +1 —1 0
8 +1 —1 0 0 0 —1 —1 0 0 0 —1 0
9 0 +1 0 0 0 —1 —1 0 0 0 —1 0
10 0 0 0 0 0 —1 —1 0 0 0 +1 0
11 0 0 0 0 0 —1 +1 0 0 0 0 0

order 1: balance HzO vs. others

order 2: balance {FeO, Fe203} vs. others except H.O

order 3: balance FeO vs. Fe>O3

order 4: balance {Ca0, NaO} vs. {SiOz, TiO2, Al203, MnO, MgO, K20, P05}
order 5: balance CaO vs. Na,O

order 6: balance {Al>O3} vs. {SiOz, TiO2, MnO, MgO, K>0, P>Os } S

3. 3. Bgozcue
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summary statistics of coordinates (balances)

[ v Y2 Y3 Ya Ys Ye d Ys Yo Yio Y1
mean 092 008 -0.01 -055 002 252 070 451 0.78 -0.55 239
std 123 033 113 157 021 040 009 020 012 012 0.20
var 152 011 127 247 004 016 001 0.04 0.01 0.02 0.04
min | -0.71 -0.39 -1.97 -3.93 -060 219 057 436 057 -069 171
max 298 059 134 080 022 360 084 515 104 -0.14 266

total variance = 5.69

correlation matrix

1 2 3 4 Ys [ Y7 Ys Yo Yio Yu
Y1 1.00 0.69 EEUECCEEEVCEN -0.59 0.62 0.81 055 0.08 -0.06

Ya 1,00 -069 -046 -002 032 065 030 062 -033 026
A 1.00 0.57 -0.67 -0.83 -058 -0.11 0.03
YVa 1.00 0.57 JEEEN -0.63 -049 -0.26 0.12
Vs 1.00 -0.77 -015 -0.73 -0.29 -053 0.02
Ve 1.00 0.49 047 039 -0.10
7 1.00 0.62 084 026 051
Ve 1.00 066 0.60 0.9
Yo 100 042 077
Y10 1.00 0.49

Vi 1.00

V. Pawlowsky-Glahn
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balances-dendrogram

=T i
iz]
.
—— == "
£ £ i £ £ o = — —— }
H20 FeO Fe203 CaO Na20 Al203 K20 Sio2 Tio2 P205 MgO

boxplot scale: (-6, 6)

V. Pawlowsky-Glahn
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regression equations of balances

y3

Y3

Ya

Fitted Line Plot Fitted Line Plot
¥3= 0,8231 - 0,0068 y1 y4=0,7392 - 0,2756 y1
-0,4377 y1*+2
2 Regression
el
s 0,147520 1 95% P1
R 98.5% B 0255488
RSqad) _ 98.4% o Rsq 7,9
RSq(ed)  975%
-1
<
ES
2
3
4
5
[ 1 2 -1 [ 1 2 3
yi yi
1.11 In H>O

— V T+ " (FeO-Fep03-Ca0-Nap0-Al,03-K»0-Si05 TiO5-P205-MgO-Mg0) /11

(FeO)

11
=/ 757 N (Fe09)

(Ca0-Nay0)1/2

2-7
=4/577In

(Al,03-K20-Si05-TiOs-P205-MgO-Mg0) /7
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principal component:

(Al203)

original
data

centred
data

(Ca0, Na20) (K20, other)

groups represented: (Al>O3), (CaO, Nap0) and (SiOz, TiO2, MnO,
MgO, P>0s, K>0) = inverse of balances bs and bg
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conclusions

@ compositional data have a constraint sample space
@ the natural measure of difference is a relative measure

@ the Aitchison geometry offers the possibility of working
in coordinates, which is a simple way to take these facts
into account

@ main problems: appropriate representation and
interpretation

e the balance-dendrogram facilitates finding an appropriate
basis for interpretation

o classical statistical analysis can be applied to
coordinates



	introduction
	

	theory
	

	example
	

	conclusions
	


