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" I
Introduction (1/2)

m Functionals of the form:

1(u) = ”{¢(x y;?u)+ w(x, y;u)}dx dy

m Admissible functions are displacement
vector fields:

u:Q — R°
m Subject to particular contour conditions:

u=g In o€
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" I
Introduction (2/2)

m The gradient of u is a deformation matrix:

Ty = oXx oy

oX oy
m Therefore, the energy potential is dependant on

a 2x2 matrix:
p=¢A) AeR™

m ¢ IS polyconvex if it depends on a convex way
from matrix A and Its determinant:

#(A) = h(A, det A)
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" I
Polyconvexity (1/3)

m Polyconvexity was introduced by Ball in 1977*
m A function f : R” = R s polyconvex if there exists
a convex function h: R° > R such that
#(A)=h(T(A))
where T : R®* — R is dependant of the determinant
of A and the components of A:

T(A)=T(A, det(A))

* Dacorogna, B., Direct methods in The Calculus of Variations, Springer-Verlag, 1989.
Pedregal, P., Variational Methods in Nonlinear Elasticity, SIAM, 2000.
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"
Polyconvexity (2/3)

m Some properties of polyconvexity:
If @IS convex, then it is polyconvex

When ¢ is a quadratic form it is polyconvex if and only
If there exists a constant ¢ such that:

#(A)> cdet(A)
When g is a convex function where g(0) = min{g(x): x > 0}
then, the following is a polyconvex function:
#(A)=g(A,)
When 1<« <3 and g is a real convex function, the
following is polyconvex:

#(A)=| A, + g(det A)
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Polyconvexity (3/3)

m If f Is polyconvex in
muinH f(x, y,u,?u) dx dy
Q

for every point (x,y) the existence of minimizers
IS assured

m Otherwise the polyconvex envolvent of f must be
considered

m Is this approach to admit a formulation of
semidefinite relaxations when f is described by
polynomials?
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"
Polyconvex Envolvents (1/6)

m The estimation of the polyconvex envolvent of a
polynomial potential ¢ admits a formulation in
terms of semidefinite programs

m The polyconvex envolvent is the bigger
polyconvex functions that bounds ¢ from below

m Also, the polyconvex envolvent of ¢ is not to
exceed its convex envolvent:

o < ¢,
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" I
Polyconvex Envolvents (2/6)

m The estimation of the polyconvex envolvent of f
for square matrixes of dimension 2 via convex
combinations can be su06h that:

gy (A)=min> 2p(A')
m \WWhere all convex combinations of six terms are

considered that involucrate matrixes A' of
dimension 2x2 such that:

izi A=A, ZG:/li det(A') = det(A)
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" I
Polyconvex Envolvents (3/6)

m Every convex combination can be replaced by a
probability distribution in the 2x2 matrix space,
such that the estimation of the polyconvex
envolvent of function ¢ in the matrix A is

- {[ oo
.. A—” ], Qdu(Q)
det(A)=[[ ]| . det(QHu(Q)
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" I
Polyconvex Envolvents (4/6)

m If function ¢ has polynomial structure

¢(A) = ¢(X1’ Xyy X3, X4) = Z Ciiii Xlixzj Xg lel

0<i+ j+k+I1<2n

Xl X2
where A = .
X, X,

ICOTA-6, Ballarat, 2004 René Meziat

10



" I
Polyconvex Envolvents (5/6)

m The polyconvex envolvent estimation can be
written as an optimization problem in measure
as the mathematical program:

¢p (A) = mrjn Z Ciita Mhjia

0<i+ j+k+1<2n

st A= (mlOOO mOlOOj

Moo Mooos
det(A) = Mio00Mo00r — Mooa0Mo100
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" I
Polyconvex Envolvents (6/6)

m In which the design variables m;;; must
represent the algebraic moments of a probabillity
measure in R4, This implies an additional
restriction in the form of a matrix inequality

_ Iy JyvKyl T
My = jxlxz X3 X4 d:u(xl’ Xy, X3, X4)
m T he restriction matrixes must be semidefinite

positive
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" A
Restriction Matrixes (1/2)

m  Given the functions following functions
X XXX, where 0<i+j+k+1<n
they are written as a list in the first row and column of a table

m To fill every position in the matrix multiply every element of the first row and

the first column between them: Xy T ek

s Xy where 0<i+ j+k+I1<n

0<i"+ ) +k'+1'<n

T Ty e'f e‘; r1T 9 Ty
1 T Ty ef e‘; r1T 9 Ty
T T .e'f Ty a'f .u.e‘f .!'f.!'g T1raxy
Ty Ty 14 af e'f.u .a':: C1aady .a';;.a'f
2 .2 3 2 A 2.2 34 N J—
M 1 A 1 A 1 M I.! 1 M 1 A I"! | 1 IJ Y] M I'! :{J 1
2 e 2 3 2.2 A . JRR A
! | [} | M |.! | A | N .IJ | ! i M I.! |.! 2 N I.'! 3
Tr1re | 1T .!'f.!'g T1TaTy efa‘z R EU efaﬁ L1020
T3y | Tary 10374 .a';;.a'f .a'f.a';;.e' 1 Uy 1T 9T 30y .a';"f.a'f
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Restriction Matrixes (2/2)

m Change the functions for their respective moment
iy ivkyl

X Xy X3 Xy —> My

m The resulting matrix must be semidefinite positive

pooon
miopon

mgnonn
Vi 2000

mpone

| Migo11
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Polyconvex Env. Conclusion

m To find the polyconvex
envolvent of a function
solve the semidefinite
program in the standar

form:
Z Cijkl mijkl

0<i+ j+k+1<4

st. R+M, >0,

a8, —a,a; = My, — Moy,
Moggo = 1

Minimize

ICOTA-6, Ballarat, 2004

M, 2000

Mpooz

| 110011

René Meziat

R

0

Manon .-

mionl

Maoon - - -

Mmoo ..

mion

11

a9

0

11

0

0

Mmool

Mponz
mano

mi1m

mpp12

. (99 0 ...
0 0 ...

2000
LET]

mMann1
EGI

m3100

maon

. MmMpong
. IMmMign2

- Mooos
- Moapne

. Moz

- Mpois

00 ...

PP )] B () R
.00 ...

mi1on

2100

mi1ol

31000

1M 22000

miin

.0

0
0

mon1 |-
mion

Mpo12
man

miin

mMpnaz |

15



Example 1 (1/2) 4(a)= - det(ayf

m AS Instance take
#(A) = - det(A) |

Xy X

m An 8th degree polynomial, this implies a
/0x70 restriction matrix.
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Example 1 (2/2) 4(r)={- et

m The polyconvex

envolvment is calculated  ;::

at
1 0.1

0.5 0.3

m The value of the
polyconvex envolvent at
this point is ¢,(A)=0.1
(#(A)=0.8789)
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Moment  Value | Moment  Value | Moment Value | Moment Value | Moment  Value
maoon . L.6119 | myao0 05581 | mosio . 00782 | mamr  0.2353 | mraaig 0.0831
minio 0.1116 Mo 0.7376 moa0 0.1539 o1 0.0283 Mmoozl 0.1899
mMonin 0.1430 mMa100 0.9064 mMo400 1.8542 Mo 0.3127 1M 2400 2.4029
Mmoo (0.1750 o110 00732 4010 0.2301 M 2300 0.7326 mnsn 0.1001

0.7531 miio 0.0842 mManan (). 7846 miain 0.0828 min41 0.0857
(ISTIED] (1.4889 marlo 0.0944 M anan 0.1230 mi3nl 0.1636 mips2 0.0413
Hapan 1.0382 mo120 0.1910 mpan 0.5653 mMy4nn 0.8929 manes 0.0781
mnnan 0.1027 miran 0.1789 M 5000 3.3920 mpnan 0.1309 mio14 0.0611
moao 00980 | oo 00762 | mgem 06783 | mgos 0366 | moge 0.1396
monan 1.5515 Mmoo 0.1741 Mo 0.1042 Mppae 0.0511 miia 0.4134
mannn 3.3459 My 0.1975 M ope) 0.1260 Mpnes 0.1304 mMi129 0.0428
minng 0.3232 maro 0.2427 my1na 0.0649 mnnig 0.0659 mi113 0.4358
manng 0.4216 o111 0.0775 mannz 0.8144 mpr4n 0.1791 230 0.07L7
Man01 0.5161 mynn 0.2035 Mmon12 0.0859 My 0.0947 myam 0.0382
munt 0.0564 mpr21 0.0407 mypze 0.2142 Mg 0.0772 miara 0.0216
mMio11 0.0716 mproe 0.2473 M opns 0.3183 Mmpris 0.1086 mMaaon 0.1896
Man1l 0.0752 myiine 0.2292 My 0.0896 mpzan 0.0796 mi3an 0.3985
muoner (.1210 mor12 0.0446 M 1004 0.4346 Mo 0.0640 miq10 0.0727
minel 0.0970 mo1ns 0.1294 ma100 1.2210 mpe1e 0.0303 M 5020 1.2329
monan 0.0491 mp2n0 0.9735 msnin 0.1209 Mg 0.2319 EETIR ] 0.1736
monng ().T88T myoann 0.7487 Mmoo 0.2313 mpa11 0.086G9 Hean40 0. 7066
mnne 0.4960 Maonn 1.3631 mi1an 0.0827 mp41n 0.0820 mansn 0.1240
Monn2 0.9152 mp21o 0.0639 m3101 0.2989 Mpio4 0.2371 Mso1n 0.3678
VIR (0.0645 my210 0.0677 mann 0.0716 Mpgoens 0.1803 Mol 0. 1606
mio12 0.0673 mp2a0 0.6000 miism 0.0359 mMpang 0.2641 mynol 0.1797
mpnaez 0.7093 Mmoo 0.2068 mas1n2 0.30:39 mp4n 0.2285 EETIR 0.0787
mooos 02850 | megemr 01961 | mgpge 0.0484 | mgsgn 0.8283 | misgy 0.1058
moos 02407 | mgenn 00304 | mps 001329 | mgoos 0.3691 | mggre 0.1363
YK 0.0659 mpone 0.8004 M gann 1. 1868 Msn1n 0.2801 meapag 0.2813
mMopong 1.5301 FLE RN (.5851 me21n 0.0787 T Ap2n 2.3482 ntapso 0.0519
mManon 1.8111 mMya300 (0.5640 my290 0.3025 Manan 0.1349 Maors 0.1354
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Example 2 (1/2) 4(a) =+ det(ayf

m As Instance take
#(A) = [L+ det(AY f

Xy X,

m An 8th degree polynomial, this implies a
/0x70 restriction matrix.

m This polynomial is polyconvex by definition
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Example 2 (2/2) ¢(a)=[+det(ay

m The polyconvex
envolvment Is
calculated at

1 2
3 6

m The value of the
polyconvex envolvent
at this point is ¢.(A)=1
(AA)=1)
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Moment Value Moment Value
Moo 3.583e + 003 | a0 1.097e + 005
mynn 7.927e + 000 mgs1n 1.717e ++ 005
STV 4,499¢ 008 mMporl 9,163¢ + 004
moptol 1.428¢ + 001 muygazon 6.307e + 006
Mmopos 34266 + 003 | moain 1.097e + 005
Mmooy 3372 +003 | myow 9.164e + 004
minin 2,687 + 000 Ma100 2,802¢ + 005
mo1n 9,999¢ 001 Mma110 1.390e + 005
Hinnll 1.296¢ -+ 001 miin 6.307e + 006
Mmonzo 3.304e + 003 | myen 3.336e + 003
Mya00 1,823 + 003 | magoe  6,30Te + 006
Mmoo 3.236e + 003 mMypns 7.303¢ + 004
Honnn 4,223¢ + 003 Mannn 1.356e -+ 005
101 2,.212¢ + 003 Map1 3.036e 4+ 005
Mmuwpe 7030 +002 | mypre  5.417e + 004
M apnn 3.356e + 003 mipm 1.301e + 005
nanilo 4,724e | 003 mo1ns 2.099¢ | 005
mi1i1o 4,224 + 003 mp1i1z2 7.646e + 004
Mo 1.488¢ -+ 003 mo1x 5.419%¢ + 004
M yp2n 1.681e + 003 Monn4 3.213e + 007
mMys00 7.025¢ + 003 Mon13 1.560e + 005
nipann 9.443¢ | 003 Mmooz 1.367¢ | 007
moloz 3.30e + 003 Mannn 3.084e 4+ 007
moein 2.214e + 003 M3010 2.163e + 005
mo111 7.090e + 002 1M o090 1.434e ++ 007
nig120 1.491e + 003 mnso 1,33 7e 4 004
Mmootz 2.155e + 003 Mmo13o 1.335e + 005
Moo 9.339¢ + 003 | mogmn 2.077¢ + 005
Moo 1.049¢ + 004 Man40 3.153¢ + 007
Moons 2,124e + 004 Mp301 5,093¢ + 004
o400 3.126e + 007 mpon2 1.427e + 007
myaonn 2.204e + 005 maann 1.412¢ + 007
My o01 1.684e ++ 005
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