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Introduction (1/2)
Functionals of the form:

Admissible functions are displacement 
vector fields:

Subject to particular contour conditions:
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Introduction (2/2)

The gradient of u is a deformation matrix:

Therefore, the energy potential is dependant on 
a 2x2 matrix:

φ is polyconvex if it depends on a convex way 
from matrix A and its determinant:
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Polyconvexity (1/3)

Polyconvexity was introduced by Ball in 1977*
A function                 is polyconvex if there exists 
a convex function                  such that

where                is dependant of the determinant 
of A and the components of A:

RRf →5:

( ) ( )( )AATAT det,=

( ) ( )( )AThA =φ
RRh →5:

RRT →5:

* Dacorogna, B., Direct methods in The Calculus of Variations, Springer-Verlag, 1989.
Pedregal, P., Variational Methods in Nonlinear Elasticity, SIAM, 2000.
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Polyconvexity (2/3)

Some properties of polyconvexity:
If φ is convex, then it is polyconvex
When φ is a quadratic form it is polyconvex if and only 
if there exists a constant c such that:

When g is a convex function where
then, the following is a polyconvex function: 

When              and g is a real convex function, the 
following is polyconvex: 
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Polyconvexity (3/3)
If f is polyconvex in

for every point (x,y) the existence of minimizers
is assured
Otherwise the polyconvex envolvent of f must be 
considered
Is this approach to admit a formulation of 
semidefinite relaxations when f is described by 
polynomials?
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Polyconvex Envolvents (1/6)

The estimation of the polyconvex envolvent of a 
polynomial potential φ admits a formulation in 
terms of semidefinite programs
The polyconvex envolvent is the bigger 
polyconvex functions that bounds φ from below
Also, the polyconvex envolvent of φ is not to 
exceed its convex envolvent:

pc φφ ≤
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Polyconvex Envolvents (2/6)

The estimation of the polyconvex envolvent of f 
for square matrixes of dimension 2 via convex 
combinations can be such that:

Where all convex combinations of six terms are 
considered that involucrate matrixes Ai of 
dimension 2x2 such that:
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Polyconvex Envolvents (3/6)

Every convex combination can be replaced by a 
probability distribution in the 2x2 matrix space, 
such that the estimation of the polyconvex
envolvent of function φ in the matrix A is
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Polyconvex Envolvents (4/6)

If function φ has polynomial structure 
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Polyconvex Envolvents (5/6)
The polyconvex envolvent estimation can be 
written as an optimization problem in measure 
as the mathematical program:
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Polyconvex Envolvents (6/6)
In which the design variables mijkl must 
represent the algebraic moments of a probability 
measure in R4. This implies an additional 
restriction in the form of a matrix inequality

The restriction matrixes must be semidefinite
positive

( )∫= lkjilkji
ijkl xxxxdxxxxm 43214321 ,,, µ
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Restriction Matrixes (1/2)
Given the functions following functions 

they are written as a list in the first row and column of a table
To fill every position in the matrix multiply every element of the first row and 
the first column between them:

nlkjixxxx lkji ≤+++≤0     e      wher4321

nlkji
nlkjixxxx llkkjjii

≤′+′+′+′≤
≤+++≤′+′+′+′+

0
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Restriction Matrixes (2/2)
Change the functions for their respective moment 

The resulting matrix must be semidefinite positive
ijkl

lkji mxxxx →4321
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Polyconvex Env. Conclusion

To find the polyconvex
envolvent of a function 
solve the semidefinite
program in the standar
form:
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Example 1 (1/2)

As instance take

An 8th degree polynomial, this implies a 
70x70 restriction matrix.
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Example 1 (2/2)

The polyconvex
envolvment is calculated 
at 

The value of the 
polyconvex envolvent at 
this point is φc(A)=0.1
(φ(A)=0.8789) 
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Example 2 (1/2)

As instance take

An 8th degree polynomial, this implies a 
70x70 restriction matrix.
This polynomial is polyconvex by definition
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Example 2 (2/2)

The polyconvex
envolvment is 
calculated at 

The value of the 
polyconvex envolvent
at this point is φc(A)=1
(φ(A)=1) 
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